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The purpose of the present short paper is to give a few general theorems 
(and several ex‘amples) about the subject indicated by the title. This has been 
suggested by the reading of [4] (and also [6]) where some theorems are proved 
for field extensions having a group of automorphisms isomorphic to 
PSL(2, &,)-where k, is a p-adic field---or a group containing this last as 
subgroup of finite index (in [6] more general semisimple p-adic groups are 
also considered). Some of the theorems proved by Ihara for thcsc special 
extensions fit the general case nearly word for word, and so I am much 
indebted to him for that part (especially for the paragraph on forms of field 
extensions). 
I also include some examples (in particular extensions with automorphism 
groups isomorphic to 2 x (21) and Qx, both with the discrete topoio~) 
to show the difficulties of an analogue of the usual Galois (-Krull) theory. 
More important examples which are constructed by means of fields of 
automorphic functions on the upper half plane must be considered as typical, 
and it is the purpose of any useful theory to generalise them. I hope to be 
able to come back to the example of extension of Q whose group of auto- 
morphisms is isomorphic to GL(2, A,)/Qx (where A, denotes the ring of 
restricted or non-Archimedian ideles of Q), which is mentioned in the last 
paragraph of this paper, to show its meaning in formulating complex 
multiplication theorems and related questions. 
It is a plcasurc to thank warmly Prof. G. Shimura who helped mc and 
encouraged me to publish a first version of this article. 
Convention : Although this restriction is not necessary for all of the 
theorems [as pointed out after Corollary (1.5)], we shall always suppose the 
fields conrmutative. 
* Author supported by a grant of the F.N.R.S. of Switzerland (requ&tc SG 8). 
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1. TOPOLOGY ON THE AUTOMORPHISM GROUP 
OF A GEYERAL FIELD EXTENSION 
Let Kjk be a field extension, and let us denote by aut,(K) or aut(K/k) 
the group of all field automorphisms of K which leave k fixed (elementwise); 
there is a unique topology of group on aut,(K) admitting a fundamental 
system of neighbourhoods of the identity consisting of the subgroups aut,(K) 
fixing the subextensions F/k of finite type (note that the intersection of any 
two subgroups of the preceding family contains a subgroup of the family). 
Since K is the union of finitely generated subextensions, the intersection of 
the subgroups defining the topology of aut(K/k) is reduced to the identity, so 
that this topology is IIuusdorff. It will always be understood that aut,(K) is 
endowed with the preceding topology. Considering that the subgroups 
defining the topology on this automorphism group are neighbourhoods of 
the identity by definition, they are open and hence closed, and aut,(K) is a 
totally discontinuous group. 
bL4ivPI.E (1.1). It may happen that aut,(K) is not complete (for the left 
uniform structure deduced from the topology) when K/k is of infinite degree 
of transcendency, take e.g., K = h(X, ,..., X, ,...) where the Xi are indepen- 
dent indeterminates over k, and consider the Cauchy sequence of auto- 
morphisms ai of K/k defined as follows: ri is the identity on the Xj forj > i 
and induces the cyclic permutation (1 -0s i) of the indices on the first i 
indetcrminates. If a limit of (ai) existed, call it (Y, it would have the property 
a(XJ == Xi, i for all i > 1. But this defines an endomorphism and not an 
automorphism. 
Let us come back to the general case, but suppose that dim,(K) is finite 
(by dim, we mean the algebraic dimension or degree of transcendency over k). 
We can then choose a finite transcendence basis Xi(i -7 I,..., n) of K/k and 
since K is algebraic over k(X, ,..., X,), the open subgroup of aut(K/k) 
corresponding to this subextension is compact: in fact K is an ordinary 
(algebraic) Galoisian extension of the fixed field of this subgroup which is 
the compact Galois group of the classical theory. In this case, wc see thus 
that aut,(K) is a locally compact group (and hence complete). U’e shall mainly 
be concerned with this last case. 
Remarks (1.2). (a) If one considers K as a discrete field, aut,(K) has the 
topology of the simple convergence induced by the space KK of mappings 
from K to K. 
(b) aut,(K) can very well be trivial for a separable transcendental 
extension K/k (remember for instance that aut(R) = auto(R) -= (1)). 
(c) If Klk is of jinite type (i.e., finitely generated), then aut,(K) is 
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discrete [the converse is not true, as we shall show, even if one supposes that 
k is the fixed field of aut(K/K)]. Th e simplest example is a one dimensional 
purely transcendental extension K = k(X) of k. Then aut(K/k) = PGL(2, K) 
with the discrete topology (consequence of Ltiroth’s theorem). Call G this 
group. If/z is infinite then the fixed field of G is K (this fixed field is certainly 
of infinite codimension in K, hence equal to k by Liiroth’s theorem). If k is 
finite, then so is G, and K is a finite Galois extension of the fixed field of G. 
PROPOSITION (1.3). Let K/k be any jield extension and suppose that k is the 
Jield of inaariants of G = aut(K/k). Then K is algebraic over k if, and only 
if, G is a compact group. 
Proof. Suppose G compact (the converse implication is classical) and 
take any x E K. By definition of the topology of G, the stabilizer of x is an 
open (hence compact) subgroup of G. Since G is compact and totally dis- 
continuous, there exists an open (compact) distinguished subgroup N of G 
contained in this stabilizer. The field of invariants of N contains x and is left 
stable by every automorphism of K/k, and so its group of automorphisms 
over k is canonically isomorphic to G/N. But N being open must be of finite 
index in G, so that this last group is finite. As it is the Galois group of a finite 
algebraic extension of k containing x, it proves that x is algebraic. 
THEOREM (1.4). Same assumptions as in (1.3), and let L be an arbitrary 
G-stable subfield of K. Then L is a separable extension of L n k and L and k 
are linearly disjoint owr L n k. 
Proof. Let us first prove the linear disjunction in general and put 
k’ = L n k for brevity. We must show that if x1 ,..., x, are elements of k, 
linearly independent over k’, then they are still linearly independent over L. 
For n = 1 there is nothing to prove, and so we proceed by induction on the 
number of elements n in the set under consideration. We suppose that the 
preceding fact is valid for all sequences having less than n elements and 
establish it for the sequence (x1 ,..., x,). If the xi were not free over L, there 
would exist a relation of the form x, = Arxr + a** + &+~,+r where the 
hi EL are not all in K’, say A, r$ k’. Since k’ is the field of invariants of G in L, 
one could then choose g E G such that gh, f A, and by subtracting the 
preceding relation from its transform under g, one should find 
(gA1 - Al) Xl + -*- + (g&-1 - Ll) %-1 = 0, 
which would be a nontrivial relation between the x1 ,..., x,-i with coefficients 
in L, contrary to the induction hypothesis saying that the x1 ,..., x+r being 
free over k’ are also free over L. Call now GL the group restricted to L and G 
the group of automorphisms of an algebraic closure L of L extending elements 
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of G. What has just been said proves for instance that the field of invariants 
I; of e (inL) is linearly disjoint from L over K’. Afortiori the field of invariants 
of the whole group of k’-automorphisms of L (contained in K) is linearly 
disjoint from L over k’. This proves the separability of L over k’ and finishes 
the proof. 
COROLLARY (1.5). I f  G is a group of automorphisms of Kjk admitting k as 
jield of invariants, then K is separable over k. 
(Actually, (1.4) and (1.5) would still be valid for nonnecessary commutative 
fields, cf. [2], Ex. 1, p. 160.) 
PROPOS~OX (1.6). Let K/k be a jield extension, V a compact subgroup of 
aut,(K) and K, its field of invariants. Then K/K, is a Galois (algebraic) 
extension of Galois group canonically isomorphic to V (topological isomorphism.). 
Proof. We emphasize the fact that V is not supposed open, and so 
K,/k may well not be of finite type. Nevertheless, the separability of K/K, 
follows from (1.4) and if x E K, its stabilizer in V is of finite index, so that x 
has only a finite number of conjugates under V. As the symmetric functions 
of these conjugates arc invariant under V, they are in K,and these conjugates 
are all conjugates of x (over KY). In particular x is algebraic, and K is normal, 
over K, . Now the canonical homomorphism of V into Gal(K/K,) is injective 
and continuous. Its image is certainly dense since K, is the fixed field of the 
image (Krull’s Galois theory), so that it is a topological isomorphism. 
It follows from this proposition that compact subgroups of aut,(K) are 
in a one-to-one correspondence with subextensions L of K/k such that K/L 
is Galois (hence dim,L =: dim,K) by the natural correspondence. 
PROPOSITION (1.7). Let K/k be a field extension such that k is the $eld of 
invariants of G = aut,(K). Suppose that there exists a subextension L of jnite 
type ovev k such that K/L is Gal&. Then for any open compact subgroup V of G, 
the field of invariants K, of V is of finite type ovu k. 
Proof. Let L and V be as in the proposition. Then K is Galois over L - K, 
with group V n Gal(K/L), open (hence of finite index) in Gal(K/L). This 
proves that L * K, and a fortiori K, is finitely generated over k. 
It follows from this proposition that if there exists a subextension L with 
the properties indicated in (1.7), then the natural correspondence between 
compact subgroups of G and subextensions over which K is GaIois- 
mentioned after (1.6)-induces a one-to-one correspondence between open 
compact subgroups and finitely generated subextensions over which K is 
Galois. (This fact seems to have been first explicitly noticed by G. Shimura, 
cf. [7].) 
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We shall call admissible an extension K/k such that 
(a) G = aut(K/k) has k as field of invariants, 
(b) there exists a finitely generated subextension L over which K is 
normal. 
Then, condition (a) by itself shows that K/k is separable (1.5) and also that 
the algebraic closure of k in K is normal (hence Galois). In particular if 
K/k is algebraic and satisfies (a), it is a Galois extension and satisfies (b). 
We also note that an admissible extension K/k is a union of subextensions 
satisfying (b), and moreover, the group aut(K/k) is discrete if, and only if, K is 
finitely generated in this case. 
2. EXAMPLES AND SINPLE TRANSLATIONS 
EXAMPLE (2.1). Let n be an integer greater than one and consider any 
field k in which no element distinct from 1 has roots of all orders nf(fE N) 
(finite fields, function fields of one variable over a finite field, number fields 
all satisfy this condition for all n). Then there exists an extension Kfn) of k 
having automorphism group (over k) isomorphic to Z x {&I}. Indeed take 
an indeterminate X over k and fix an algebraic closure Q of k(X). We are 
going to construct Kc*) as the union of rational fields containing k(X) 
(geometrically this corresponds to a projective limit of coverings of a line, 
all isomorphic to a line). For eachfE N choose a root of X of order nf which 
we call Xqz-‘. Then we define 
K = K(n) _- k(X”-‘),EN. 
For any automorphism 01 E aut(K/k) such that a(X) -= X, we must have 
+y”“) zz= E * Xn-’ with E E k and P’ = 1. Letting f tend to infinity, the 
hypothesis on k shows that E := 1, and hence 01 = 1. This makes clear that 
aut(K/k) is discrete and also that any automorphism (Y such that 4X) = Xn-’ 
must coincide with the automorphism CY~ of Kfn) defined by CY,(X”-“) = X”-“-‘. 
We have an isomorphism f t-+ q of Z into aut(K/k) and we shall show that 
this last group is isomorphic to Z x (i-1) as asserted, where - 1 corresponds 
to the automorphism of K defined by X : + l/X. We take any k-isomorphism 
of K into itself (k-endomorphism of K), and we call Y = a(X). Then Y 
must have roots of order nf (in K) for arbitrary large f. We show that this 
implies that Y is a power of X. For that purpose we note that an element of 
k(X) having a root of order n in K, must have a root in k(XI’“), and if this 
root is written 
cX~W(Xl~“) Q(xq-1 
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with c E k, VE E 2, P = 1 + x aiXiJn andQ =: 1 i- C biXjl* relatively prime 
in k[Xl’n]. By hypothesis P and p” are in k[X] (and relatively prime in 
k[Xj). A small computation shows that the only ai and bj different from zero 
can be those for which n divides i. Thus 
zyxy = P(X) and Q(Xl+q :- Q(X), 
and the element under consideration, having an n-th root, must be of the form 
cnXmP(X), Q(x)-. 
By considering the degrees, we see that an element of k(X) having roots of all 
orders n’(f~ N) must necessarily be a power of X (using the hypothesis on 
k). This proves that 
end(K/k) _+ {mn-f; m E 2, f  c Z> :-.= Z(n), 
aut(K/k) g (iP)x = {&n-f; f  E Z} = fnz s Z x {-+I}. 
The proof also shows that if k satisfies the conditions for two distinct 
integers n and m, then the extensions constructed K(“) and Kern) arc non- 
isomorphic. We also observe that any nontrivial subgroup of aut(Kcn)/k) is 
of finite index and has k as fixed field. 
(2.2) Let k be any field satisfying the condition of (2.1) for all positive 
integers. Then there exists an extension K/k with automorphism group 
isomorphic to Qx (endowed with the discrete topology). For that purpose, 
and with notations similar to those of (2.1), we define 
K = k(X”)aeOx . 
Then, as before, the image of X by any endomorphism of K/k must be a 
power of X with exponent in Qx, and these define all automorphisms of K/k. 
Both this and the preceding example define not admissible extensions of k, 
since they are not finitely generated but have nevertheless discrete groups of 
automorphisms. Let us show how they can be made admissibie. 
(2.3) In the example (2.1) with n = p prime integer (to simplify) 
fixed, we adjoin to k and K(p) all roots of 1 of order of the form @(f E N). 
(We suppose that p is different from the characteristic of k.) The proof of 
(2.1) shows that for any automorphism 01 of K(p)/k, such that a(X) = X, 
we have 
+yP-‘) = Ej . xr’, 
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with E, root of 1 of order dividing p’ and the relations $+r = E, . In other 
words E = (E,) may be identified with an element of 
‘i&n z/pz 1 z, , 
the product of two such systems e corresponding to the addition in Z, . 
This proves that 
aut(&PP)/k) z +pz X Z, 
isomorphic to Qax if p =:I 2 and to a subgroup of index (p - 1)/2 of QG if 
p > 2. Similarly if K is of characteristic 0 and satisfies the conditions of (2.2), 
we can adjoin to k and K all roots of 1 and the new extension has a group 
aut(K/k) z Qx x n Z, 
P 
These new extensions are admissible. 
,411 the preceding examples are limits of rational fields (limits of fields of 
constant genus zero) and have Abelian automorphism groups. 
(2.4) We mention now an example of an admissible extension of an 
algebraically closed field which is limit of fields of constant genus one. Let us 
take a lattice L of C E R2 of the form Z 0 Z * z (with Im(z) > 0) such that 
End(L) = Z (hence aut(L) : {kl}). We note pa for the usual Weierstrass 
elliptic function for the lattice aL (for any a E Qx). Then we consider the 
fields 
KJ = C(Pa 7 Pa’) and K-UK, 
(where the union is taken over all nonzero positive integers a EN*). If a 
divides b, then l&/K, is a Galois extension of group isomorphic to aL/bL. 
This shows that dim,(K) = 1. Moreover, every element t of C defines an 
automorphism of K given by translation 
F&r) = F(” + t) (F E K), 
and translations t E aL converge to the identity in G L- aut(K/C) when 
a -+ co. We call I/’ the subgroup of general translations in G given by 
U = 15 CjaL (a E N*>, 
projective limit of infinite discrete groups. On the other hand the rational 
dilatations 01~ defined by 
b,PW) = W4 (F E K a E Qx> 
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give a discrete subgroup A L: (a, ; a E Qx} s Qx of G normalizing U. Thus 
R * U (semidirect product) is a subgroup of G, and since every automorphism 
of K must apply the system of the K, onto itself, it must be composed of a 
dilatation and a translation: 
In particular, G is so~~~~~e. We also observe that C is the fixed field of both 
A and U (though no one is of finite index in the whole G). More precisely 
put L’ = QXL and U’ = I@ L’/aL C U. Then the fixed field of li“ is already 
C (because L’ is dense in C), and U’ is union of compact subgroups 
CTb :- lim b-ILlaL + (b E N*). 
aew 
The tib are thus not contained in any maximal compact subgroup of G. 3ut 
the fixed field of Ua is Kb , hence the extension K/C is admissible. 
(2.5) Let us only sketch how the preceding example could be modified. 
First one could restrict oneself to the consideration of the lattices pfL where 
p is a fixed prime integer. This would replace A = Qx by A, = &pz. 
Secondly by taking algebraic models Z& defined over K = Q(j) (j: absolute 
invariant of the isomorphism class of lattices containing the aL) of the curves 
C/u& and replacing the fields K, by the fields K,O = k(E,) of rational 
functions on E,, defined over K. This would replace the subgroup of general 
translations U by a subgroup Uo of rational translations 
where &{A) denotes as usual the Abelian group of rational points over k of 
E, . Thirdly (over C) one could also consider afl lattices L” isogenic to L, i.e., 
those lattices L” with 
L”FQ-L@Q=Q@Q-z. 
Z 
These examples should suffice to indicate the difficulties in trying to 
elaborate a Galois theory for transcendental extensions. 
Let us now translate properties of extensions which have a group of 
automorphisms with few normal subgroups. 
PROPOS~TIOX (2.6). Let G be a group of a~t~~k~~ of a field K ati k 
its jeld of garnets. If G Ras no nontrivial ~~~a1 ~g~~p of finite index, 
then K is a ~~g~~~ ext~.o~ of k. 
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Proof. Since we have already seen that K is separable over k (1.5), it 
remains to show that k is algebraically closed in K. Let x E K be algebraic 
over k. The subgroup of G centralizing the field generated over k by the 
conjugates of x in K (i.e., all conjugates of x as noted after (1.7)) is of finite 
index in G hence equal to G by hypothesis, so that x E k. 
COROLLARY (2.7). Suppose that G is isomorphic to a product of infinite 
simple groups. Then K is a regular extension of the field of invariants of G. 
Proof. In fact the normal subgroups of a product of simple groups are the 
sub-products, and these are of infinite index in our case as results from the 
hypothesis. 
This corollary can be applied to products of groups PSL(2, kp) for different 
p-adic completions of a number field k (cf. Section 5). 
PROPOSITION (2.8). Let Kjk be an extension and G a subgroup of aut(K/k), 
such that k = Fix G. We consider the two conditions 
(i) There exists a Jinite set of elements of K whose transform under G 
generate K over k, 
(ii) There exists a neighbourhood of the identity in G containing no 
nontrivial normal subgroup of G. 
Then (i) implies (ii), and conversely if K!k is admissible, (ii) implies (i). 
Proof. (i) implies (ii). Take a finite set F of K having the property 
indicated in (i), and let V be the open subgroup of G fixing F (elementwise). 
Then the intersection ngVg--I (when g varies in G) admits K as a field of 
invariants, hence is reduced to the identity. This proves that V contains no 
normal subgroup distinct from the identity. 
(ii) implies (i) if K/I z is admissible. Let V be an open compact subgroup 
of G having the property of (ii). Then the fixed field K, of V is of finite type 
over k (1.7), so that we can choose a finite set F generating K, (over k). The 
field of invariants of g Vg-* is generated by g(F), and so the field K’ generated 
by all the g(F) (g E G) has the property that 
nut,(K) = fl gVg-’ --= {id.}. 
G 
Since K’ contains K, and since K/K, is a Galois extension, this implies 
K’ = K. 
(2.9) Without giving any important result, let us make a few comments 
on sums and products of groups of automorphisms. Let G = @Gi (i E I) be 
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a group of automorphisms of a field K, and let k be the fixed field of 
G. We introduce the following notations 
Ki = field of invariants of G(i), 
Kti) = K (u Kj)l and K’ = k (‘;’ Ki) . 
j-f 
Then since Gi commutes to Go’, Gi operates on Ki , and if x E Ki is invariant 
under Gi , it is invariant under G and thus belongs to k. On the other hand 
Gi fixes K”) and leaves K’ stable. By looking at the following diagram, we 
see that Ki and Kci) arc linearly disjoint over k, and in particular 
dim,(K,) + dim,(Ko)) = dim,(K’). 
It also follows from this that all the Ki are linearly disjoint over k and that 
dim,(K) is the sum of the dim,(K,)‘(K’ is the composite of the Ki). 
(2.10) A slightly different case (of which we shall see an example in 
the last paragraph) is the following. Let Gi be a family of locally compact 
groups with chosen open compact subgroups Hi . Then the restricted product 
n’ Gi (relatively to the family of chosen subgroups) is the part of the direct 
product consisting of families having components in the Hi except for a finite 
number of indices i. This restricted product is endowed with the unique 
topology in which n Hi (with the product topology) is an open compact 
subgroup of n’ Gi . We suppose that this restricted product G operates as 
group of automorphisms on a field K, with fixed field k, and we call N the 
closed (normal) subgroup of G acting trivially on K. Then G/X acts effectively 
on K with k as fixed field. Write Ki for the fixed field of m-c* II, . Then K is 
Galois over K, and Gi operates on Ki . The subgroup of inefficiency of Gi 
being the subgroup consisting of the projections on Gi of elements of N 
having components j f i in Flj . With obvious notations, the group 
262 ROBERT 
operates effectively on Ki . In certain cases k is still the fixed field of its action 
on Ki . For instance if Gi is not compact, dim,(K) = 1 and k is algebraically 
closed in K, it will certainly be the case. 
(2.11) Take a field k, a finitely generated extension L of K, a family 
(Ki)iEI of Galois extensions of L such that Ki n Kj = L for all i f j E I and 
put Hi := Gal(KJL), H = n Hi , Gi = aut(K,/k), G = aut(K/k) where K 
is the field generated by all Ki (say over L) isomorphic to the tensor product 
0, Ki (taken over L). Then it is obvious that G contains as an open subgroup 
the restricted product n’ Gi of the Gi relatively to the open compact 
subgroups Hi . If one of the extensions K,/k is admissible, then K/k is also 
admissible. In fact, if x E K is invariant under G, it must be invariant under 
H, hence belong to L, and taking an index i such that K,/k is admissible, 
this element of I, C K, must also be invariant under Gi . This implies x E k. 
3. EXTENSIONS OF THE BASE FIELD 
Let us begin with a few elementary observations. We take a field k, an 
indeterminate X over k and an extension k’ of k linearly disjoint from 
K = k(X) over k. We put k’(X) = K’ c K @:I, k’ so that we have the 
following diagram 
with G == aut(K/k) = PGL(2, k) and G’ == aut(K’/K’) = PGL(2, k’) (ac- 
cording to a corollary of Liiroth’s theorem). 
We see thus that (in opposition to the algebraic case where K/k is a Galois 
extension) the group of automorphisms increases by extension of the base 
field. In particular if k is finite and k’ infinite, k is not the fixed field of G but 
k’ is the fixed field of G’ (I .2.c). Similar phenomena can happen in charac- 
teristic 0 : with k = Q, and k’ = Q(i) (i” = -I), the subextension Q(P) 
of Q(X) is not the fixed field of any subgroup of PGL(2, Q), but k’(X4) is the 
fixed field in k’(X) of the subgroup of PGL(2, k’) generated by the auto- 
morphism defined by X I-+ ix. 
PROPOSITION (3.1). Let Kjk be any extension, and k’ be an extension of k 
linearly disjtint from K. Then the canonical injective homomorphism 
aut(K/k) + aut(K * k’/k’) 
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is a strict morphism of topological groups. In partinrlur, when aut(K/k) is 
complete (e.g., dim,(K) < CO) it can be identified with a closed subgroup of 
aut(K * k’/k’). 
Proof. The injectivc homomorphism in question is given by OL i+ a @ 1 
for a E aut(K/k) when K’ =: K * k’ is identified with K Ok k’. It is continuous 
because if xi’ is a finite family of elements of K’, we can write 
Xi’ = c xij gl hij (hij E k’, ~ij E K), 
and then the open subgroup of aut(K/k) fixing the xii (finite in number) has 
an image in the (open) subgroup of aut(K’/k’) fixing the xi’. Since KC K’, 
it is obvious, conversely, that the injection is a strict morphism. 
(3.2) The examples given at the beginning of Section 3 might suggest 
that the automorphism group of an extension of an algebraically closed 
field is fairly big. This is not necessarily true even over C. .4ctually, take any 
function field of one variable over C with genus >l. This means that this 
field is isomorphic to the field of meromorphic functions on a compact 
Riemann surface of genus >I. This Riemann surface is isomorphic to a 
quotient of the upper half plant by a fuchsian group r, and the auto- 
morphisms of the Riemann surface correspond to the elements of the 
normalizer of r in SL(2, R). Since I’ is of finite index in its normalizer (any 
subgroup in which I’ is of infinite index is dense in SL(2, R), cf. [l]) this 
shows that the Riemann surface in question (hence its field of meromorphic 
functions) has only finiteZy many automorphisms (over C). 
PROPOSITION (3.3). If Kjk is an admissible extension and k’ is linearly 
d&-joint from K over k, then K * k’lk’ is admissible. 
Proof. k’ is certainly the fixed field of aut(K * k//k’) since it is already the 
fixed field of the subgroup of all 018 1 where OL E aut(K/k). If K is Galois 
over K,, , where K, is of finite type over k, then K and K,, - k’ are linearly 
disjoint over K,, , so that K * k’ is a Galois extension of K,, . k’ with group 
isomorphic to Gal(K/K,,), and Ku * k’ is of finite type over k’. 
4. FOR&IS OF EXTENSIONS OF FIEI.DS 
Let G be a group of automorphisms of a field K with field of invariants k. 
We say that an extension K//k’ (or simply K’) is a k’-form of K/k (relative to 
G) when the following conditions are satisfied: 
(a) K’ is a stable subfield of K (under the action of G), 
(b) K’k = K (i.e., K’ generate K oz’er k), 
(c) K’ n k == k’ (i.e., h’ is thejield of invariants of G on K’). 
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We have already seen that if K’ is a k/-form of K/k, then K’ and k are linearly 
disjoint over k’, so that we can identify K with K’ Ok, k, and g E G with 
g,, @ 1. This shows in particular that G still acts effectively on K’. It also 
follows from that linear disjunction that every k’-automorphism of k has a 
unique extension as K’-automorphism of K. 
PROPOSITIOS (4.1). With the above notations, if k’ is thejeld of invariants 
of the group of k’-automorphisms of k, then K’ is the field of invariants of the 
group of K’-automorphivns of K. 
Proof. Let us denote by S the former group, by ;c‘ the unique extension of 
s E S to a K’-automorphism of K, and by M the field of invariants of the s 
(s E S). Asg E G and s are identified respectively withgKT @ 1 and 1 @ s, they 
commute; this proves that M is also stable under G and since k’ is supposed 
to be the field of invariants of S, A4 n k = k’. Hence M and k are linearly 
disjoint over It’ which implies, in particular, M and K’k -_ K linearly disjoint 
over K’; as 134 C K, this means M = K’, which was to bc proved. 
E3 
K 
Ii4 
I 
K' 
K 
k' 
k 
PROPOSITION (4.2). Let K’ be a k’-form of K/k; then for all open compact 
subgroups V of G, K, ($eld of invariants of V) is the composite of 
K+=K,nK’andk. 
Proof. K; being the field of invariants of V restricted to K’, it is 
clear that K,‘k C K, . Suppose convcrscly that x E K, C K and write 
x = (waif;)@ bjf$’ 
K 
K’ 
K” 
K; = K$ 
K;k 
k 
k' 
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with fmitely many ai , bj E k and f<‘, fj’ E x’. Since K’ and K;k are linearly 
disjoint over K;, the norm N of x & fj’ over K;k is equal to the product 
where the f 7 are all the conjugates of fj’ over K, (remember that K’ is a 
Galois extension of I(; (1 A?)). By multiplying both numerator and 
denominator by the conjugates of the denominator we eventually get an 
expression for x of the following form 
It will certainly be sufficient to show that x ck fk’ E K,‘h or f,:’ E KG by 
using the assumption that X, and hence XX are invariants by I/. We may 
suppose the ck independent over k’ and hence also over K’. The equality 
gives 
p&(f; --. vfi) -‘- 0 (SE V), 
and from the linear independence of the cl: over fy’ we get jR’ = vfk’ (9 E V), 
which proves fk’ E Kvt as wanted. 
PROPOSITION (4.3). Suppose that K/k is admissible. Then for every inter- 
mediate field L over which G acts eflectively and having the same algebraic 
d~rne~~~o~ as K over k, we have [K : L] < co. 
Proof. The assumption implies dim,(K) < co, and there exists an open 
compact subgroup V of G such that K, is of finite type over k. Then 
i., =. L n K, is the field of invariants of V restricted to L. The closed 
subgroup of V = GaI(E(lK,) corresponding to IX, is (2.) since t/ acts 
effectively on L by hypothesis, and thus L.Ky = K. Since I./L, is Galois and 
LnK,-L,, it follows that L and I(, are linearly disjoint over I.,. 
K 
L 
0 
K” 
Lv 
k 
266 ROBERT 
Consequently K, is algebraic over L, (since K is over L). But K, being of 
finite type over k is a fortiori of finite type over L,. We conclude that 
[K,: L,] < 03, and as [K: L] = [K, : L,] by linear disjunction, the 
proposition is proved. 
A trivial consequence of this proposition is the following. If K’ is any stable 
subfield over which G acts effectively, putting k’ = K’ k and supposing that 
dim,(K’) = dim,(K), then K’ is not necessarily a form of K/k, but at least 
K’k is of finite codimension in K (with the hypothesis that K/k is admissible!) 
Remark (4.5). If K’/k’ is a form of K/k relatively to G = aut(K/k), then 
aut(K’/k’) = G (this is obvious in view of Section 3). 
5. EXAMPLES OF FIELDS OF AUTOMORPHIC FUNCTIONS 
The first kind of examples are constructed in an essentially transcendental 
way. They give examples of admissible extensions of C. The second kind 
of examples are constructed in a more rational way, using the classical 
elliptic modular functions (Weber’s functions). They furnish admissible 
extensions of number fields (mostly of cyclotomic fields). 
All assertions not proved here are to be found in [4] for what concerns 
PSL(2) and in [7l f or what concerns GL(2). We have not tried to give any 
survey of all examples possible, and in particular we do not mention extensions 
of dimension greater than one, constructed by means of automorphic 
functions of several variables (the interested reader is referred to [8] and [63 
for higher dimensional examples). 
In contrast to the examples constructed in Section 2, the fields which we 
consider here are all limit of fields of genus tending to infinity. 
(5.1) Let k be a number field, k, one of its p-adic completions and 
G, = PSL(2, kp) = SL(2, k,)/{fl}. 
Then [4] (vol. 1) classifies the one dimensional admissible extensions K of C 
such that G, is a topological subgroup of aut(K/C) whose fixed field is C, and 
such that for every open compact subgroup I’ of G, , nearly every place of 
KY is unramified in K. The result is that they are parametrised by the 
discrete subgroups r of G = Gn x G, (with GR = PSL(2, R), two conjugate 
I’ giving isomorphic extensions) having dense projections on both factors 
and quotient G/r of finite volume. Let us show how the correspondence is 
given by constructing the extension corresponding to such a subgroup r. 
For every open compact subgroup v of G, we put rv = projection on GR of 
r n (G, x V). The rv are fuchsian groups (of first kind) operating on the 
upper half plane, hence have fields K, of automorphic functions. Then K 
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is the union of all I(, (and the notations are consistent in the sense that I/ is 
also identified with the Galois group of K/K,). Moreover, Ihara also proved 
that in these cases G, is always offinite index in aut(~~C); he also showed that 
the subextensions L of K/C having the same properties as K (on which G acts 
effectivefy) correspond to the discrete subgroups r’ containing r with finite 
index, and having the same properties as l’Y In particular, if I’ is maximal, 
the corresponding extension K/C has no subextension on which G acts 
effectively, and is called, for that reason, irreducible. 
(5.2) The preceding construction suggests to use the same procedure 
to obtain an extension K/C over which GA, acts with fixed field C(G = PSL(2) 
and A, = ring of restricted adeles of Q). This can be done by taking the 
union of fields of automorphic functions relative to all fuchsian groups F 
obtained by projection on GR of Go n V where V is any open compact 
subgroup of GAO. It is sufficient to apply the result of (2.11) with L = C(j) 
field of all mod&r functions of level one (purely transcendental over C). 
Intermediate examples with partial restricted products 
5; J’SW, Q,) 
are also available for any part S of the set of non-Archimedian valuations of Q. 
(5.3) Ihara also proved that all extensions mentioned in (5.1) admit 
a unique form defined over Q (in the sense of Section 4) algebraic closure of Q 
in C, and also on certain number fields. If the G, extension K/C is irreducible, 
then there exists a unique smallest number field over which it has a form 
(field of moduli of the G, extension K/C). 
(5.4) Consider now the classical Weber elliptic modular functions 
defined as follows (strictly speaking, one should add suitable integral factors 
to have the Weber functions, but as these integers are irrelevant here, we 
prefer to omit them for the sake of brevity): 
for any index i = (a, b) ~1 = (Q/Z)2, we define 
j f&f = g&4 g&l d-W P&Z + b; 2, 1) if i f 0, 
( f&f) = j(x) (for a’ = Cl), 
with the standard notations of the theory of elliptic functions. We recall that 
if i is of order N in 1, then fi is an automorphic function for the principal 
congruence subgroup I’, of SL(2, Z) of level IV, and these functions fi for the 
indices i of order dividing N generate (over C) the field of a11 automorphic 
functions relative to l”X , We consider the field K = Q( f& generated over 
Q by these functions. It is known that the algebraic closure of Q in this field 
K is Qab (maximal Abelian extension of Q, generated by all roots of unity). 
Moreover Shimura proved (cf. [7]) that aut(K/Q) is isomorphic (as topological 
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group) to GL(2, AJQx. This isomorphism is defined as follows. Every 
element of GL(2, A,) can be written as product II * 01 a h of an element 
u E n, GL(2, Z,), and a rational element OL E GL(2, Q) of positive deter- 
minant: (Y E Go+. Then 
(f?)(z) -7. fiu(az) (i E I), 
where iu is the result of the multiplication of the line vector i by- the square 
matrix u. On the algebraic closure Qab of Q in K, the action of x E GL(2, A,) 
is also cxplicitely given by a(det(x-r)) where a : A, --+ Gal(Q,,JQ) denotes 
the canonical morphism of class field theory (for Q). 
(5.5) In the preceding example, let IN be the subgroup (N-1Z/Z)2 of I 
of points of order dividing N, K, ..: Q( fi)ier . Then Kx contains a primitive 
N-th root of unity and KN is the field k,,,(vl) of AN-rational functions on a 
model I’, of H/I',., (H denotes the upper half plane) defined over the cyclo- 
tomic field 
k, = Q(exp(2isT/-V)). 
But there exists a model V,' of H/r, defined over Q, and we can take the field 
of automorphic functions of all levels, rational over Q: 
K’ = U Q(V,‘>. 
N 
It is obvious that K' . Qacl y--- K and that K' n Qub -= Q, but K' is not stable 
under aut(K/Q), so that it is not a form of K/Qah (there are many K’ satisfying 
the conditions indicated and no absolutely canonical one). 
(5.6) Let us derive another example from (5.4) of which we keep the 
notations. Put 1(p) = (Z(P)/Z)~ C I where Z(P) = (a * pm; a E Z, m E Z}, 
and look at the subfield 
Then K(“) is the fixed field of the compact subgroup n,,, GL(2, Z,) as 
follows from the explicit action of GL(2, A,) on K as given in (5.4). On the 
other hand 
Q” n n GL(2, Z,) = 5pz, 
P ;L P 
from which follows by (2.10) that GL(2, Q,)/kp” operates effectively as a 
group of automorphisms of K(p). It follows easily from [4] (vol. 1, p. 131) 
that in fact 
autWP)/Q) = GW, Q,)/ ?cP', 
and that K'p)/Q is admissible. 
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(5.7) We keep the notations of the basic example (5.4). By (1.7), the 
finitely generated transcendental subextensions L over which K is Galois 
correspond (in a one to one way) to open compact subgroups I/ of 
G -= GL(2, A,)/Qx : L = K,. To such a field L corresponds a fuchsian 
group r, (also written TV if V = aut(K/L) corresponds to L) in Go+ (rational 
matrices with positive determinant) containing a principal congruence 
subgroup of SL(2, Z) and a field of definition kL of H/r, : 
r, -.z I’, = Go’ n V and k, = Qab n L. 
An inclusion V C V’ obviously implies rV C rV, and k,3 k,, . Conversely 
rv = rvf and k, :-= k,, together imply either V = V’ or V and V’ verify 
no inclusion: V Q V’ q V. This shows that if I’” is a maximal fuchsian group 
and if k, is a smallest field over which H/I’, haa a model defined, then c/ 
must be a maximal open compact subgroup of G. In particular if rC Go+ is 
a maximal fuchsian group (and contains a principal congruence subgroup 
of SL(2, Z)) and if El/r h as a model-say X-defined over Q, then the field 
Q(X) of Q-rational functions on X corresponds to a maximal open compact 
subgroup V C G: 
I/ = aut(K,/Q(X)) is a maximal open compact subgroup of G. 
It is we11 to note that I/ is not characterized by r and maximality, different 
models over Q of H/r may lead to distinct maximal open compact subgroups 
of G. 
(5.8) A counterexample. It would be natural to expect that under 
the correspondence of (1.7) the maximal open compact subgroups of aut(#/h) 
correspond to purely transcendental subextensions L/k [such that 
dim,(L) = dim,(K)]. Th is is not true as shows the follow-ing example. (The 
idea of using Fricke’s group for that purpose has been suggested to me by 
G. Shimura.) Take a prime number p and define Hecke’s group 
r,,(p) :- 1 (z i) E SL(2, Z); c 7s 0 mod p/ 3 rD , 
then 7 = (“, -3 normalizes r,(p) and so the union r,,(p) P (for n E Z) is a 
subgroup of Go+ which contains the principal congruence subgroup of level 
p of SL(2, Z). This group of transformations of the upper half plane is called 
Fricke’s group 
Let 
ro*(P) = J-o(P) ” ro(Pb mod QX (3 - --p). 
v= 1( j z i EnGL(2,Z,);c=Omodp\, P 
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then T normalizes V and V* = V u VT mod Qx is an open compact subgroup 
of G = GL(2, A,,)/Qx such that k,* = Q. Since p is prime r,*(p) is a 
maximal fuchsian group (cf. [a Part 1, Ex. to Section 6) and (5.7) proves that 
V* is a maximal open compact subgroup of G. But for p = 37 (for instance) 
the quotient H/F,,*(p) is of genus greater than zero (cf. [3] p. 336-337) and 
thus the fixed field of V* in K is not of genus zero (not purely transcendental). 
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